An elastodynamic solution for the stress wave propagation in spherical curved plates composed of functionally graded materials (FGM) is presented. Properties of materials are assumed to vary in the direction of the thickness according to a known radial variation law (gradient field). The formulation is based on the linear three-dimensional elasticity. The Legendre orthogonal polynomial series expansion approach is used for determining the guided waves dispersion curves in functionally graded spherical curved plates. Our results from a homogeneous anisotropic spherical curved plate are compared with those published earlier to confirm the accuracy and range of applicability of this polynomial approach. Guided wave dispersion curves for graded spherical curved plates with different gradient fields are calculated, and the effects of the gradient field on the characteristics of guided waves are illustrated. Finally, dispersion curves for graded spherical curved plates at different ratios of inner radius to thickness are calculated to discover the influences of that ratio on the wave characteristics.
Introduction
Functionally graded materials (FGM) have been used in many advanced industries. Their material properties change gradually, which allows them to be tailored to different applications and working environments. Reliable methods for non-destructively measuring the material properties and flaws in FGM are needed. Ultrasonic technology is a very promising technique for the inspection of FGM. The effective use of ultrasonic for such a purpose depends on a good understanding of wave propagation in FGM.
Wave characteristics analysis in FGM structures has received much attention from various researchers. Lefebvre et al. (2001) used Legendre polynomial approach for FGM plates. Using the same method, Elmaimouni et al. (2005) analyzed the longitudinal wave in hollow FGM cylinders. Liu et al. (1999) proposed a method for analyzing stress waves in FGM plates in which the variation of material properties was 0020-7683/$ -see front matter Ó 2006 Elsevier Ltd. All rights reserved. doi:10.1016/j.ijsolstr. 2006.10.006 approximated by a piecewise linear function. Using confluent hyper-geometric functions, Liu et al. (2001) solved analytically the governing equation of wave propagation in an FGM plate. proposed an analytical-numerical method for analyzing the wave characteristics in FGM cylinders. They also proposed a numerical method to investigate transient waves in FGM plates excited by impact loads , where the displacement response is determined by using Fourier transformation and modal analysis. Using a quadratic layer element model, investigated SH waves in FGM plates, where the material property variation was assumed to be a piecewise quadratic function in the thickness direction. A spectral element (SE) model is used to analyze wave propagation in anisotropic inhomogeneous beams (Chakraborty and Gopalakrishnan, 2003) and plates Gopalakrishnan, 2004, 2005) . Berezovski et al. (2003) used a composite wave propagation algorithm to analyze wave propagation in an FGM.
However, similar attention has not been given to FGM spherical plates, even though this study is important for inspecting spherical pressure vessels, domes and earth crusts. But there have been some reports on homogenous spherical plates, there were still some reports. Buldyrev and Lanin (1966) investigated some aspects of wave propagation in solids with spherical boundaries. Brekhovskikh (1968) also studied the surface wave propagation in solids with curved boundary. Using shell-theory, Shah et al. (1969) analyzed the three-dimensional hollow sphere. Gaunaurd and Werby (1991a,b) derived dispersion curves for fluid loaded spherical shells. Kargl and Marston (1990) also worked on the Lamb-like wave in isotropic spherical shells. Wang et al. (2002) studied the stress wave propagation in orthotropic laminated spherical shells subjected to arbitrary radial dynamic load by means of finite Hankel transforms and Laplace transforms. Towfighi and Kundu (2003) studied the wave propagation in anisotropic spherical curved plate by using Fourier series expansion method.
In this paper, the Legendre orthogonal polynomial series expansion method, which was developed by Lefebvre et al. (1999) for modeling free-ultrasonic waves in multilayered plates, is used to characterize guided waves in FGM spherical curved plates. The formulation is based on the linear three-dimensional elasticity. Results from a homogeneous anisotropic spherical curved plate are compared with those published earlier in order to confirm the accuracy and range of applicability of the developed Mathematica program. Guided wave dispersion curves for graded spherical curved plates with different gradient fields are calculated, and the effects of the gradient field on the characteristics of guided waves are illustrated. Finally, dispersion curves for graded spherical curved plates with different ratios of the inner radius to thickness are calculated to discover the influences of that ratio on the wave characteristics.
Mathematics and formulation of the problem
Based on the linear three-dimensional elasticity, an FGM anisotropic hollow sphere with material properties varying in the radial direction is considered. Let a, b, h be inner and outer radii and the thickness. Then the elastic moduli and mass density of the medium inside the FGM are (Elmaimouni et al., 2005 )
With implicit summation over repeated indices, C(r) and q(r) can be written compactly as
where l, C (l) and q (l) are the order number and coefficients to be determined in order to fit the polynomials (1) to the original elastic moduli and mass density of the elastic medium inside the material. In the homogeneous case, CðrÞ ¼ C ð0Þ ; C ðlÞ ¼ 0ðl > 0Þ. Considering the boundary of the material, the position dependence of the elastic constants is given by CðrÞ ¼ CðrÞpðrÞ; qðrÞ ¼ qðrÞpðrÞ:
Here the C(r) and q(r) become position-dependent elastic constants of the medium that constitutes the sphere and p(r) is the rectangular window function defined by pðrÞ ¼ 1; a 6 r 6 b 0; elsewhere: & Given Eq. (2), the material constants vanish outside the material. Thus we describe the vacuum outside the material as a medium with zero acoustic impedance which ensures that the stress outside the material vanish regardless of the displacement. The generalized Hooke's law of an anisotropic material is given by 
Under the assumption of small deformation, the strain-displacement relationships in terms of the spherical coordinate system are given by
And the field equations that govern wave propagation are
According to Kargl and Marston (1990) and Towfighi and Kundu (2003) , the wave front on the surface of a spherical shell is assumed to be toroidal. In addition, to studying wave propagation in a spherical plate segment, from point A to B, the two points A and B can always be aligned along the equator of a sphere by adjusting the positions of the north and south poles. Therefore, to study the wave propagation between two points in a spherical plate segment, it is sufficient to solve the governing equations for h = p/2 only. Thus the propagating wave is independent of h. Then the displacement components of this toroidal wave can be written as u r ðr; h; /; tÞ ¼ expðikb/ À ixtÞU ðrÞ; ð6aÞ u h ðr; h; /; tÞ ¼ expðikb/ À ixtÞV ðrÞ; ð6bÞ
where U(r), V(r) and W(r) represent the amplitude of vibration in the radial and two tangential directions, respectively. k is the magnitude of the wave vector in the wave propagating direction, and x is the angular frequency.
Substituting Eqs.
(1-4, 6) into Eq. (5), the governing differential equations in terms of displacement components can be obtained where U(r), V(r) and W(r) can be expanded to Legendre orthogonal polynomial series as Eq. (9) can be written compactly as
where the eigenvalue x 2 gives the angular frequency of the guided wave and eigenvectors p a j allow the components of the particle displacement to be calculated. Using Vph = x/k and Vg = dx/dk, the phase velocity and group velocity can be obtained. The complex matrix Eq. (10) can be solved numerically by making use of standard computer programs for the diagonalization of non-symmetric square matrices. In practice, the summations over the polynomials in 3(M + 1) eigenmodes are generated from the order M of the expansion. Acceptable solutions are those eigenmodes for which convergence is obtained as M is increased. It was determined that the eigenvalues obtained are converged solutions when a further increase in the matrix dimension does not result in a significant change in the eigenvalue. The computer program was written using Mathematica.
When the material is orthotropic or has few independent constants, the governing differential equations are reduced to 
Numerical results
Based on the foregoing formulations, a computer program has been written to calculate the dispersion behavior. To calculate the effective FGM property of two combined materials, the Voigt-type model is used here. It is expressed as
where V i (r) and P i denote, respectively, the volume fraction of the ith material and the corresponding property of the ith material. Here, P V i ðrÞ ¼ 1. So, the properties of the graded material can be expressed as
According to Eq. (1), the gradient field of the material volume fraction can be expressed as a power series expansion. The coefficients of the power series can be determined using the Mathematica function 'Fit'. For example, if the gradient field is
where
; ð0 6 l 6 LÞ:
In order to validate the computer program, the guided waves dispersion curves in a homogeneous unidirectional composite spherical curved plate is calculated to compare the results with those of Towfighi and Kundu (2003) . Then graded spherical curved plates with different gradient fields and different ratios of the inner radius to thickness are analyzed.
Comparison with available data for a homogeneous unidirectional composite spherical curved plate
In this example, a comparison is made of the results obtained by Towfighi and Kundu (2003) using Fourier series expansion method and the results are obtained using the Mathematica program for a homogeneous unidirectional composite spherical curved plate. The used mass density isq = 1580 kg/m 3 , and in the wave propagating direction, the elastic constants of unidirectional composite areC 11 = C 22 = 1.495 · 10 10 Pa, C 33 = 12.8 · 10
10 Pa, C 12 = 0.733 · 10 10 Pa, C 13 = C 23 = 0.69 · 10 10 Pa, C 44 = C 55 = 0.673 · 10 10 Pa and C 66 = 0.381 · 10 10 Pa. Its inner radius is a=0.099 m, and outer radius b=0.1 m. Corresponding phase velocity dispersion curves of Lamb-like wave are presented in Fig. 1 . As is apparent, our results agree well with those obtained by Towfighi and Kundu's method. For these results, the series expansion Eq. (8) are truncated at M = 8. 
Functionally graded spherical curved plates
Four spherical curved plates are calculated when M = 9. Their sizes are the same, but gradient fields different. The inner radius and outer radii are 0.5 and 0.6 m, respectively. The materials involved are silicon nitride as the ceramic on the inner surface and stainless steel as the metal on the outer surface. Material properties of stainless steel are q = 8166 kg/m 3 , C 11 = C 22 = C 33 = 29.447 · 10 10 Pa, C 12 = C 13 = C 23 = 13.667 · 10 10 Pa, C 44 = C 55 = C 66 = 7.8899 · 10 10 Pa and silicon nitride q = 2370 kg/m 3 , C 11 = C 22 = C 33 = 38 · 10 10 Pa, C 12 = C 13 = C 23 = 12 · 10 10 Pa, C 44 = C 55 = C 66 = 13 · 10 10 Pa. The gradient fields of the volume fraction is
where n is the power law exponent. The value of n is selected as 1, 2 and 3. Furthermore, in order to observe the differences between graded spherical curved plates and homogenous spherical curved plates, a homogenous composite spherical curved plate is considered. It is composed of stainless steel and silicon nitride of the equal volume fraction, i.e., V 1 (r) = 1/2. Their group velocity dispersion curves are shown in Fig. 2 . From Fig. 2 it can be seen that for both homogenous spherical curved plates and graded spherical curved plates, all the modes are dispersive and there is only one mode (the lowest mode) that has not cut-off frequency; there are some modes that have negative group velocities for both homogenous and graded spherical curved plates; group velocities change more abruptly in graded spherical curved plates than in homogenous spherical curved plates. In three graded spherical curved plates, with an increasing value of n, the maximum group velocity of the same mode increases. Dispersion curves of the first, fourth, and seventh modes for the three graded spherical curved plates, homogenous stainless steel and silicon nitride spherical curved plates are shown in Fig. 3 to elaborate the effects of the variation of gradient fields on dispersion curves for graded spherical curved plates. Fig. 3 shows that as the power law exponent n increases, the dispersion curves of the same mode for graded spherical curved plates are closer and closer to the dispersion curves for silicon nitride spherical curved plate. This can be explained as follows. According to Eqs. (14) and (15), small value of n correspond to a large volume fraction of stainless steel whereas large values of n correspond to a large volume fraction of silicon nitride. The wave velocity is determined by the properties of the materials, and the wave velocity of silicon nitride is faster than that of stainless steel. So, large values of n correspond to fast wave velocities.
Influence of ratios of the inner radius to thickness
The dispersion behavior of Lamb-like waves for five graded spherical curved plates with different ratios of the inner radius to thickness is calculated to analyze its influence on dispersion curves. The ratio of the inner radius to thickness is defined as g, i.e.,
The inner radius is varied from 10 to 0.1 m keeping the wall thickness at 0.1 m and the material properties V 1 ðrÞ ¼ rÀa h
. Dispersion curves obtained by the nine terms Legendre orthogonal polynomial series expansion for an inner radius being 10, 1, 0.5, 0.25 and 0.1 m are shown in Figs. 4 and 5, and the dispersion curves for the graded flat plate of a 0.1 m thickness with the same materials as the these graded spherical curved plates are also displayed in Fig. 4a .
From Fig. 4 one can see that the influences of g on group dispersion curves are obvious. When g = 100, the group velocity dispersion curves for graded spherical curved plate are almost the same as the graded flat plate except that there is a very low cut-off frequency in the second mode of the graded spherical curved plate. As the g decreases the changes are considerably greater, especially when g is below 5. First, the first cut-off fre- quency is higher and higher as g decreases. Next, with a decrease in g, the changes in the group velocity dispersion curves become more abrupt. In addition, from Fig. 5 , dispersion curves of the first, second, fifth, and sixth modes for the five graded spherical curved plates, it can be observed that the influence of g increases as the wave number increases and that the influence on higher modes is stronger than on lower modes. In addition, the smaller the value of g is, the greater the influence.
Conclusion
The Legendre orthogonal polynomial series expansion method is used to characterize the guided waves in FGM spherical curved plates. Guided wave dispersion curves for graded spherical curved plates with different gradient fields and different ratios of the inner radius to thickness are calculated. Based on the calculated results, the following conclusions can be drawn:
(a) In hollow spheres, when the material is orthotropic or has few independent constants in the wave propagating direction, wave propagation between two points displays the characteristics of Lamb waves to some degree. (b) Characteristics of guided waves dispersion curves for graded spherical curved plates can be easily affected by changing the gradient fields. (c) The ratio of radius to thickness has significant influences on the wave characteristics for graded spherical curved plates. 
